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Explicit difference scheme by moment optimization
for the Fokker-Planck equations
? ? ? ? ?1
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??
????????????????????? Fokker-Planck ??????????
????????????????????????????????????????
????????????????????????????????????????
????????????????????????????????????????
????? (2013)???????????????????????????????
??????????????????????????????? Fokker-Planck ?
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1 ??
????????????? f(t, x)???????? Fokker-Planck???
∂
∂t
f(t, x)=
∂
∂x
(a(x)f(t, x))+
∂2
∂x2
(b(x)f(t, x)) (1.1)
f(0, x) = f0(x) (1.2)
?????????????????? t ≥ 0, x ∈ R?????????????????
????? ∆t,∆x > 0???f(i∆t, j ∆x)????? fij ??????? (1.1)?????
????? t?????????????? x?????????????????????
???????????? A???? fi+1 = A fi ????????? fi = (fi1, . . . , fiM )T
?????????
fi = A
i f0 (i = 1, 2, . . .) (1.3)
????????????????????????????? (1.1)??????????
??????????????????????????????????????????
????????????????????????????? (1.3)??????????
??????? ∆t? ∆x??????????????????????????????
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??????????????????????????????????????????
??????????????????????????????????????????
??????????????????????????????????????????
??????????????????????????????????????????
????????? ∆t? ∆x??????????????????????
2 ?????????????????????
?????????????????????????????????????????
?????????????????????????? [1, 2] ?????????? x??
?????????????????????? 1??????
??????????? f(x)???????????????? {wj}Mj=1 ⊂ R ?????
?????????????? {xj}Mj=1 ⊂ R ?????????????????????
?2??????? Tℓ(x) (ℓ = 1, . . . , L)???
T¯ℓ =
∫
R
Tℓ(x) f(x) dx (2.1)
????????????????????????
(P) min
{fj}
.
M∑
j=1
fj log
fj
wj f(xj)
s. t.
M∑
j=1
fj T (xj) = T¯ ,
M∑
j=1
fj = 1, fj ≥ 0.
??? T (x) = (T1(x), . . . , TL(x))??? T¯ = (T¯1, . . . , T¯L)???????????????
????? T¯ ??????? {fj}???????????? {wj f(xj)}?Kullback-Leibler
???????????????????????
???? (P)?????????????????????? Fenchel????
(D) min
λ∈RL
.
M∑
j=1
wj f(xj) e
〈λ, T (xj)−T¯ 〉
?? λ¯ ∈ RL ????
fj =
wj f(xj) e
〈λ¯, T (xj)−T¯ 〉∑M
j=1 wj f(xj) e
〈λ¯, T (xj)−T¯ 〉
=
wj f(xj) e
〈λ¯, T (xj)〉∑M
j=1 wj f(xj) e
〈λ¯, T (xj)〉
(2.2)
????????????? [1]???? 〈·, ·〉?RL ??????????????????
?? {fj}? f ??????????????????{wj}? {xj}???????????
?????????????????????? g ????∣∣∣∣∣∣
∫
R
f(x) g(x) dx−
M∑
j=1
fj g(xj)
∣∣∣∣∣∣ = O(max{Eg,M , E1,M , ET,M}) (M →∞) (2.3)
2 x????????????????????????
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???????????? [2]????
Eg,M =
∣∣∣∣∣∣
∫
R
f(x) g(x) dx−
M∑
j=1
wj f(xj) g(xj)
∣∣∣∣∣∣ ,
E1,M =
∣∣∣∣∣∣
∫
R
f(x) dx−
M∑
j=1
wj f(xj)
∣∣∣∣∣∣ ,
ET,M =
∥∥∥∥∥∥
∫
R
f(x)T (x)dx−
M∑
j=1
wj f(xj)T (xj)
∥∥∥∥∥∥
??????? ‖ · ‖?RL ???????????
3 ???????????????
??????????????? Fokker-Planck ??? (1.1) ???????????
?????????????? (2.2) ???????????????????????
xj = j ∆x (j = 1, . . . ,M)????
3.1 ????????????????
????????????????? T¯ℓ(t) (ℓ = 1, . . . , L)??????? (1.1)????
Tℓ(x)???? x???R??????
d
dt
T¯ℓ(t) =
∫
R
{−T ′ℓ(x) a(x) f(t, x) + T ′′ℓ (x) b(x) f(t, x)} dx (3.1)
???????????????????????????????????????????
??????????????
T¯ℓ,i+1 = T¯ℓ,i +∆t
M∑
j=1
∆x {−T ′ℓ(xj) a(xj) + T ′′ℓ (xj) b(xj)} fij (3.2)
???3???? T¯ℓ(i∆t)????? T¯ℓ,i ???????????? (3.2)????????
?????????????????????????????????????
3.2 ????
? (1.3)???????????????????????????????????fi ?
T¯ℓ,i (ℓ = 1, . . . , L)?????????fi+1 ???????????
3 ??????? f(t, x)? x→ ±∞????? 0?????? (3.1)???????? [x1, xM ]?????
????????????????????????????????????? a, b, f0, T ??????
??????????????????
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Step 1. (3.2)? T¯ℓ,i+1 (ℓ = 1, . . . , L)??????????????????
Step 2. T¯ℓ,i+1 ? fi ??????????????? fi+1 ??????? (D)????
min
λ∈RL
.
M∑
j=1
∆xfij e
〈λ, T (xj)−T¯ℓ,i+1〉 (3.3)
???4????? λ¯i+1 ?????(2.2)????
fi+1,j =
fij e
〈λ¯i+1, T (xj)−T¯ℓ,i+1〉∑M
j=1∆xfij e
〈λ¯i+1, T (xj)−T¯ℓ,i+1〉
=
fij e
〈λ¯i+1, T (xj)〉∑M
j=1∆xfij e
〈λ¯i+1, T (xj)〉
(3.4)
?????????????????????????
???????????????? 1??????? fi+1 ?????????? Step 1?
1???????????? T¯ℓ,i+1 ?????????????? Step 2????????
?? T¯ℓ,i+1 ?????????????? fi ?????Kullback-Leibler????????
????????? fi+1 ?????????????????????? (1.3)???? fi+1
???????????????????????? Step 1?? (3.2)??????? (3.2)
????? ∆t? ∆x????????????????????????????????
?????????????????
???(3.3)?????λ??????????????????????????????
??????????????????????????????????????????
????????????????∆t,∆x→ 0????????????????????
????????????????????????? [3]????????????????
????????????????????????????????????????
4 ????
???????? (1.1)?????????
(a) ??????????????? ??????
(b) ????
4 ??????λ ∈ RL ???
F (λ) =
M∑
j=1
∆xfij e
〈λ, T (xj)−T¯ℓ,i+1〉
????λ?RL ???????????? F (λ)????????????????? F ????????
?????????????????????????????????????????????????
????????????????????????????????Newton??????????? F
?????????????Newton???????????????????????? Newton????
?????????????
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?????????????????????? (∆t,∆x) ???????????????
????? (1.1)??????????????????
? 1 ??? (1.1)? a(x) ≡ −1, b(x) ≡ 1?????
? 2 ??? (1.1)? a(x) = −(2− x)/2, b(x) ≡ 1?????
??????? (1.2)? f0 ?????
f0(x) =
1√
2piσ0
exp
(
− x
2
2σ20
)
, σ0 = 0.2 (4.1)
?????? t?????? [0, 3]??? x?????? [−5, 5]???
∆t = 0.001, 0.002, . . . , 0.05 (0.001??? 50???), (4.2)
∆x = 0.01, 0.02, . . . , 0.35 (0.01??? 35???) (4.3)
???????????? {fij}??????????????????????? (∆t,∆x)
????????????{fij}????????????
max
j
|fi∗ j |?????????? 0 < max
j
|fi∗ j | < max
j
|f0 j |
?????????????? i∗ ???????????? i?????3/∆t??????
?????????????????(b)????????? T (x)???????????
?????T1(x) = x, T2(x) = x2 ?????????????MATLAB R© ???????
????????????
???????????? 1–4 ?????????????????????(a) ??
???????????(b) ???????????????????????????
??(b) ???????? t = 0.5, 1.0, 1.5, 2.0 ???????????????? 5–8 ?
???????∆t,∆x ??????????????????????????? 1 ?
∆t = 0.01,∆x = 0.01 ???? (b)???????????????? t = 0.5, 1.0, 1.5, 2.0
???????????? 9–12?????? 5–6?? 9–10??????????????
???????????????????? 7–8?? 11–12??????????????
?????????????????????????????t = 1.5, 2.0????????
???????????????????????????????????????
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5 ??
?????Fokker-Planck??? (1.1)????? (1.2) ???????????????
???????? 2?????????????????????????????????
????????????? 1???????????? T¯ℓ,i+1 ??????? (3.2)???
???????????? T¯ℓ,i+1?????????????? fi?????Kullback-Leibler
??????????????? (3.4)????????????? fi+1 ?????????
??????????????????????????????????????????
??????????????????????????????????????????
????????? (3.3)?????????????????????∆t,∆x→ 0????
??????????????????????????????????? Fokker-Planck
??????????????????????
????
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